We argue that the standard Abrikosov-Gorkov (AG) type theory of Tc in disordered d-wave superconductors breaks down in short coherence length high-Tc cuprates. Numerical calculations within the Bogoliubov-de Gennes formalism demonstrate that the correct description of such systems must allow for the spatial variation of the order parameter, which is strongly suppressed in the vicinity of impurities but mostly unaffected elsewhere. Suppression of Tc is found to be significantly weaker than that predicted by the AG theory, in good agreement with experiment.
Sensitivity of the superfluid density and the critical temperature to moderate amounts of substitutional disorder served as an early indicator of the unconventional nature of the order parameter in high-T c cuprate superconductors. The theory of dirty d-wave superconductors, pioneered in this context by Annett, Goldenfeld and Renn [1] and by Hirschfeld and Goldenfeld [2] , successfully explained the observed T 2 dependence of the superfluid density ρ s (T ) in YBa 2 Cu 3 O 7−δ (YBCO) films and single crystals, attributing it to the effect of the finite density of states at the Fermi level induced by impurities, treated as unitary scatterers. Crossover to T -linear behavior was predicted for lower impurity content, which was later observed in very clean YBCO single crystals by Hardy et al. [3] . The theory was subsequently refined [4] [5] [6] to provide a good quantitative description of the low-temperature behavior of ρ s (T ).
Similar models have been employed to predict the change of T c from its clean value T c0 due to disorder [5, 7] , essentially by extending the standard Abrikosov-Gorkov (AG) theory [8] to the case of d-wave superconductors with scalar impurities. It has been noted that the experimentally observed T c is much more robust than one would expect from these simple models, when measured against the corresponding change in ρ s (0). Figure 1 illustrates this point by showing the experimental T c versus ρ s (0) for YBCO samples disordered by different types of disorder as obtained by various groups [9] [10] [11] [12] [13] and the corresponding theoretical prediction [5] . While there exists a considerable spread in the experimental data, it is quite evident that the theory systematically overestimates the suppression of T c , perhaps by as much as a factor of 2 in the cases of Refs. [9, 11, 13] . In order to remedy this situation, more realistic models have been considered, taking into account strong coupling corrections within the Eliashberg formalism [7] together with realistic band structures [14] , proximity of the Fermi level to a van Hove point [15] and the details of the pairing interaction within the spin-fluctuation model [16] . While some improvement over the simple model can be achieved for carefully selected parameters, the discrepancy between theory and experiment remains in place, suggesting that Experimental data were obtained by (a) mutual inductance [9] , (b,d) infrared reflectance [10, 11] , (c) muon spin rotation [12] , and (e) field-current density analysis [13] . Theoretical curve is from Ref. [5] .
methods traditionally employed to determine the suppression of T c by impurities are inadequate for the high-T c cuprates. It has also been suggested that perhaps the effects of disorder on the transition from the rather peculiar and poorly understood normal state cannot be satisfactorily described within the framework of a simple BCS-like mean field theory [17] .
In the present article we show that one can, in fact, formulate an adequate description within mean-field theory, if the spatial variations of the order parameter caused by random disorder are accounted for in a fully selfconsistent manner. We present a simple argument for the breakdown of the conventional AG type theory (which enforces a uniform gap averaged over disorder) in superconductors with very short coherence lengths such as the high-T c cuprates. This argument is then given substance by numerical calculations within the Bogoliubovde Gennes (BdG) framework, carried out for a model dwave superconductor with a random distribution of nonmagnetic point impurities. Such calculations convincingly demonstrate that the rapid drop in the predicted T c is an artifact of AG theory resulting from spatial averaging of the order parameter. The true critical temperature obtained from a fully self-consistent solution of the BdG equations is always higher, in agreement with experiment.
In a d-wave superconductor non-magnetic impurities are pair breaking and lead to suppression of T c . A simple modification of the original AG approach [8] yields an equation for T c of the familiar form [5, 7, 14] :
where ψ is a digamma function and α = 1/2τ T c0 is a pair breaking parameter. In the limit of unitary scatterers, which is relevant for Zn and other solutes in YBCO [2] , the scattering rate is given by 1/2τ = n i /πN (0), with n i being the number density of impurities and N (0) the normal-state density of states at the Fermi level. For α small we have
which is in fact an excellent approximation to the full solution of (1) One of the crucial assumptions entering the derivation of Eq. (1) is that the position dependent order parameter ∆(r) can be replaced in the gap equation by its spatial average∆. Such a procedure is valid when the gap varies over a length scale that is large compared to the average spacing between the impurities, l i . In the vicinity of T c significant variations of the order parameter take place on the length scale set by the Ginzburg-Landau temperature dependent coherence length ξ(T ), which is related to the low temperature BCS coherence length
, where ν = 0.74 in a conventional s-wave superconductor with a spherical Fermi surface [18] . For a d-wave superconductor ν will be a different number of order unity, depending on the precise k-space structure of the gap function.
Consider the problem of a single unitary impurity in a d-wave superconductor. The order parameter will be strongly suppressed at the impurity site and it will recover its bulk value over the distance ∼ ξ(T ) [19, 20] . Since a single impurity cannot affect T c of a macroscopic sample, this coherence length is given by
For a small finite density of impurities with average spacing l i ≫ ξ 0 , except very close to T c , the areas of depressed order parameter around individual impurities will not overlap, and most of the sample will remain completely unaffected. Thus it is still reasonable to use Eq. (3) with the unperturbed T c0 for ξ(T ). When these areas begin overlapping, i.e. when ξ(T ) > ∼ l i , the entire sample is affected in the sense that the order parameter is suppressed everywhere. The temperature at which this happens provides a lower bound for the true T c of the sample. Using l i = 2a 0 / √ πn i (where a 0 is the ionic lattice spacing) this condition becomes
If T
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predicted from Eq. (2) falls below this lower bound, one may conclude that the AG theory is not selfconsistent, since the true coherence length at T = T AG c is smaller than the average distance between the impurities and the averaging over ∆(r) is not allowed.
In order to get a rough idea of how restrictive this argument is, we note that the prefactor of n i in Eq. (2) can be converted into a length scales ratio, 1/N (0)T c0 ∼ (π 2 /1.13)(ξ 0 /a 0 ) [21] . Then, combining this with Eq. (4) one can derive a rough estimate for the range of validity of the AG theory of the form
Clearly, for conventional low-T c superconductors this condition is easily satisfied as ξ 0 is typically large compared to a 0 . For high-T c cuprates however, the situation is quite different since typically ξ 0 is several lattice spacings (ξ 0 ≈ 4a 0 in YBCO). A more careful estimate using realistic values of T c0 and N (0) for YBCO [14] , confirms that the result of our rough estimate (5) holds. This indicates that the usage of the AG theory for this material is probably not justified [22] . While the argument presented above is admittedly crude, we believe that together with the experimental evidence discussed above it points to the necessity of studying the effects of spatial variations of the order parameter in disordered short-coherence-length superconductors. We now present results of a numerical calculation that strongly support the picture outlined above.
We employ an extended Hubbard model on a square lattice with nearest neighbor attraction and on-site repulsion:
where ij stands for nearest neighbor pairs, and the notation is otherwise standard. Such a model, treated within a self-consistent BdG theory, has been used previously to study vortices [23, 24] and impurities [19, 20, 25] in d-wave superconductors. The impurities are modeled by V imp i = V imp ≫ |t| at randomly chosen sites with density n i and V imp i = 0 elsewhere. We solve this Hamiltonian within the standard mean-field theory as described in Ref. [20] . All physical quantities of interest can be derived from the quasiparticle amplitudes [u n (r), v n (r)], which satisfy a system of BdG equations [26] 
subject to the constraints of self-consistency
Here ∆ 0 and ∆ δ are the on-site and nearest-neighbor pairing amplitudes respectively with δ = ±x, ±ŷ and the summation is over positive eigenvalues E n only. For a finite L × L system we solve the BdG equations (7) by exact numerical diagonalization using a suitable guess for the initial gap functions. We then compute new gap functions from Eq. (9) and iterate this process until selfconsistency is established [20, 23] . The superfluid density ρ s (T ) is evaluated from the standard linear response formula appropriate for lattice models [19, 27] ρ s (T )/4 = −K x − Λ xx (q x = 0, q y → 0, ω = 0), (10) where −K x is the average kinetic energy along thexdirection, and Λ xx (q, ω) is a diagonal element of the current-current correlation function. Both −K x and Λ xx (q, ω) can be written in terms of (u n , v n ) and E n , resulting in lengthy expressions which we omit here for brevity.
Determination of T c is more complicated since the number of iterations needed to self-consistently solve Eqs. (7, 9) to a required accuracy increases dramatically near the transition (and presumably diverges at T = T c ). We use two different methods to overcome this difficulty: (i) we improve our initial guess for ∆(r) at each new temperature by extrapolating from previous temperature points, and (ii) we locate T c iteratively by following the development of the gap initialized to infinitesimal value. Figure 2 summarizes the results of our numerical calculation, for parameters resulting in ξ 0 ≈ 4a 0 (we use V 0 = −V 1 = 1.13t, µ = −0.36t and V imp = 100t for a system size L = 22) Panel (a) shows the normalized zero-temperature superfluid density as a function of n i obtained from a fully self-consistent solution of Eqs. (7, 9) and from a solution with an enforced uniform order parameter. For comparison a conventional analytic solution within the t-matrix formalism is also shown (we use Eq. (15) of Ref. [5] ). As one would expect the uniform solution is very close to the analytical one for all values = 0, the true critical temperature is still more than 70% of T c0 . Also note that the average zero-temperature gap does not scale with T c , as one would expect from BCS theory.
We have carried out calculations for several different sets of parameters, all showing similar behavior (see Fig. 3 ). As the coherence length grows, the discrepancy between the true critical temperature and T AG c diminishes, as expected from the analysis presented above. For ξ 0 /a 0 ≈ 4 as in YBCO, the discrepancy is substantial, and can easily account for the experimentally observed robustness of T c . The critical impurity density for this case is n c i ≈ 0.17. Since Zn substitutes primarily for the planar copper sites in YBCO [28] and only 2/3 of all Cu atoms reside in the planes, our result implies a bulk critical density of n c bulk ≈ 0.10. This is in reasonable agreement with the experimentally observed n c bulk = 0.08 − 0.10 for Zn doped YBCO [29] . By contrast conventional models tend to underestimate n c bulk by a factor of 2 or more [15] . The inset to Fig. 3 shows the dependence of the initial rate of change of T c with n i ,
, on ξ 0 . This quantity also deviates significantly from the linear η i ∼ (ξ 0 /a 0 ) behavior expected from the AG prediction (2) , showing instead a quadratic behavior consistent with (4). In closing we comment on the appropriateness of using BdG theory to calculate T c in short coherence length materials. Like all conventional theories of superconductivity, BdG theory is a mean field theory and hence is incapable of modeling the important effects of phase fluctuations on the ordering temperature in short coherence length, highly anisotropic materials such as the high-T c oxides. On the other hand, unlike many more specialized mean field theories, including AG theory, BdG theory is well-suited to calculating the effects of static spatial disorder on the order parameter amplitude and on the mean field T c . Since the static random potential does not couple to the phase, the effects of spatial randomness and thermal phase fluctuations are largely decoupled. To a good approximation, at least for the dilute case, the effects of impurities can be calculated within mean field theory, while the effects of phase fluctuations, in reducing T c from its mean field value, require a proper theory of critical behavior. A complete theory for the combined effects is not presently known. However it is apparent, even at the mean field level, that such a theory for the effect of inhomogeneous pair-breaking on T c must take proper account of the resulting inhomogeneity of the gap function. It is our hope that the present calculations will provide the physical motivation for such a theory.
